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An introductory theoretical study is presented of cooperative dual linear aggregation, originating from a surface. That is,
two kinds of molecules aggregate in side-by-side strands; lateral interactions cause the aggregation in the two strands to be
cooperative. The vernier effect is a special case that is given particular attention: if the two kinds of molecules have different
lengths, there will be certain combinations of numbers of molecules that will give the two strands the same length (a  vernier
structure’). Such a structure has extra thermodynamic and kinetic stability, literally because there are no loose ends. The
increased lifetime of a vernier structure is, however, not very impressive unless some additional feature is incorporated into the
model to enhance further such a structure. Aligned multi-stranded tubular aggregates are also discussed.

1. Introduction

A well-known problem in biophysics is the fact
that some linear biopolymers seem to know when
to stop growing. One suggestion, in the case of
side-by-side dual linear aggregation of two compo-
nents of different lengths, is that a vernier effect
[1] may operate to terminate the growth. That is,
growth will cease, because of extra stability, when
the two adjacent aggregates happen to achieve
exactly the same length.

Dual linear aggregation is in any case a prob-
lem of some general intrinsic interest. This paper
considers some aspects of this problem, including
the vernier effect. To anticipate: it is found that a
simple vernier effect is probably inadequate for
the purpose menticned; some special source of
extra stability needs to be involved at the ‘ vernier
length.’

2. Simple dual aggregation

In this model, two species of monomers, 1 and
2, at concentrations ¢; and ¢,, form a side-by-side
linear aggregate at a nucleating site on a surface,
as shown in fig. 1. The molecules (or subunits)
usually have different lengths, 7, =1 (2 is assigned
unit length and is always longer, if the lengths are
unequal) and /; <1. We always take /;, to be a
ratio of integers, i,/i, (/,=2/2 in fig. 1). The
ratio I/l =i,/i, is denoted 7/ and is used to
designate the different cases (fig. 1 is the case
/= ,/2). The number of molecules in strand 1 is
N, and the number in strand 2 is N,. The two
strands have the same length if N/, = N,/,, i.e., if
Ny: N, =i, :i,, 2i;:2i,, etc. It is assumed that the
two strands are continuous: there are no subunit
vacancies. The strands might wrap around each
other in helical fashion, but this is not shown.
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Fig. 1. lllustration of a simple dual polymer with /= 3/2. The
interaction free energy w (see shaded area) refers to the
interaction of one molecule of type 2 with the neighboring one
and one-half type 1 molecules, The first vernier package is
completed at n =1.

The interaction free energy (fig. 1) between
nearest neighbors in strand j is w; the interac-
tion free energy with the surface is wi(j=1, 2).
The lateral interaction free energy between the
two strands is assumed to be simply proportional
to the amount of overlap. This is measured in
units of length of component 2, with a free energy
w per unit, and is expressed as Nw. Thus, in fig. 1,
N = 8/3. With this definition, N is the lesser of
N, and N, /I. It is convenient to define y = ¢ */*T
and y,=y'". Of course w,, w/ and w are all
negative, and y >y, > 1. In the special case w=0
and y =y, =1, the two strands aggregate indepen-
dently of each other. A large value of y tends to
favor vernier structures (3:2, 6:4, etc, in fig. 1)
because in these structures there are no missing
lateral interactions, A valu¢ y = 1000 corresponds
to w= —4.1 kcal mol~"! at 25°C.

To avoid extra and unimportant (for present
purposes) algebra, we shall take wj=w,(j =1, 2),
as if the nucleating site on the surface already
contains a molecule of each type (or the equiv-
alent) on which to build.

2.1. Partition function for an open system

We begin by considering the dual polymer when
it is in equilibrium with monomers at concentra-
tions ¢, and ¢, such that the polymer has a finite,
though possibly large, mean size.

To introduce notation and method, let us re-
view first the one-component special case ¢, = 0.
The canonical partition function for strand 1 with

a given size N is

QN1 = (%e_wl/kT)N" (l)

where ¢, is the partition function of a single
subunit in the polymer (ignoring possible minor
end effects). When N, is very large, the chemical
potential of the bulk polymer (strand 1) is

pe = —kT 3 In Qy /8N, = —kT In(ge /7).
)

The chemical potential of monomers at ¢, is

w,=p3+ kT Inc,. 3)

These two chemical potentials are equal, by defini-
tion, at the ‘critical concentration,” ¢; = ¢f. Hence,

-1
s = (qle—wl/kre»?/kr) ) (4)

Strand 1, in the presence of monomers at ¢; <
i, 1s an open system with a finite mean size. The
appropriate generalized partition function [2] for
the open system is

P= % ouNi= T (ge )™
N, =0 Ny=0
=Y x =Y (/)™
M Ny
=1/(1-x)=1/[L = (¢,/cf)], (5)

where A, = e*/*7 refers to the pool of monomers
at ¢, (eq. 3) and

X = ‘Ile_wl/kr}\l =N\ /X] =¢,/cf. (6)

That is, x, is proportional to ¢;. In eq. 6, AT =
e*/kT (eq. 2). The probability of a polymer of
size NV, is [2,3]

PN, = QNJ‘M/T = x{v, (- xl)' (7)

_ The mean size is N, =x,/(1 —x,). Note that
N, = oo (bulk polymer) as x; =1 or ¢, = ¢}, as
expected. Also, T diverges as x; — 1.

The dual polymer of definite size N, N, has
the canonical partition function

Qrimy, = (@e™/4T) (e /4 T) V0 p%, (8)
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where (see above) N =N, if N, > N,/ (strand 1 is
longer) or N = N, /I if N,{ > N, (strand 2 is longer).
In the former case y" =y™2; in the latter case,
yY =y The factor yV arises from the free en-
ergy of interaction Nw between the two strands.
The partition function for the open dual polymer,
in contact with monomers at ¢, ¢,, is

&0
Tr= Z QNINZA[{]X;Z = Z xllv]xévzyN, (9)
Ny, N,=0 Ny, Ny

where A, and x, are defined in the same fashion
as A, and x, in egs. 3, 5 and 6. The probability of
a dual polymer of size N,, N, is [2,3]

Py, = xxyN /7. (10)

We shall see below that Py, has local peaks in
cases of interest at the vernier structures N, : N, =
iy, 24120y, ...

The simplest way to find a closed expression
for T is the following. The terms in eq. 9 are
collected into three groups, according to whether
the two strands are equal in length (vernier struc-
tures), strand 2 is longer, or strand 1 is longer. The
three groups produce the following respective con-
tributions to T

r= 1 Rl("l)’o)
1-11 " (1—x,)(1-1T)
+ R2(x2y) (11)

(1 —x)(1-1)°

where IT= xjix{y' (this is the partition function
term of the smallest vernier package in eq. 9).
R;(x,y,) is an always positive polynomial in x, y,
of degree /| — 1 with coefficients that are powers
of x,, and R,(x,y) is an always positive poly-
nomial in x,y of degree i, — 1 with coefficients
that are powers of x;. An example will be given
below. However, the general form of eq. 11 suffices
to show that T diverges (the polymer becomes
very large) if x; =1, or x,—1, or [I— 1. The
case of primary interest in the present context is
x, <1, x, <1, y>1 and Il — 1. That is, when
y is large (strong attractive interaction between
the two strands), bulk dual polymer is formed
(II = 1) even though both x, and x,<1. In
other words, the aggregation is cooperative. It is

easy to confirm, using eq. 8, that the equilibrium
condition

I"‘w(ilb Iy package) =gy Figp,, (12)

between bulk dual polymer and monomers, is
equivalent to IT= 1. More generally (i.e., IT> 1),
if X=iu +i,p,—p® is the thermodynamic
force driving monomers to aggregate, then IT=
e X/¥T_ At equilibrium, X = 0.

Cooperative aggregation, arising from lateral
interactions, can also occur in one-component
polymers. For example, a bundle of laterally
touching actin filaments would aggregate at a
lower critical concentration than would a single
actin filament (see section 6).

Let us now use the case /=4 /3 to illustrate eq.
11. In this example IT = x{x3 y3. The first term in
eq. 11 anses from all vernier terms in eq. 9:
1+ I+ IT?+ .... The second term (strand 2 is
longer) in eq. 11 represents a vernier structure of
any size plus 0, 1, 2, or 3 additional molecules of
type 1, together with 1, 1, 2, or 3 molecules of type
2, respectively (so that strand 2 is longer), plus any
number of additional molecules of type 2. The
first of the above three components in the second
term contributes the factor 1/(1 — IT), the second
leads to R,(x,y,), and the third gives 1/(1 — x,).
The explicit expression for R, is

2 3
R, =x, +x2(x1y0) + x%(xl)’o) + x%(xl)b) .

(13)

The maximum number of type 1 molecules in R,
is i; —1 =13 (in order not to make another i, i,
package).

The third term (strand 1 is longer) in eq. 11 is
similar. There can be any number of vernier
packages plus 0, 1, or 2 (i.e, i, — 1) type 2 mole-
cules, together with 1, 2, or 3 type 1 molecules,
respectively (so that strand 1 is longer), plus any
number of additional type 1 molecules. The three
contributions to the third term are then 1 /(1 — IT),
R;(x,y), and 1/(1 — x,), respectively, where

2
Ry=x;+x{(xpp) + x{(x,5)" (14)

R, and R, are found in any example with arbi-
trary i, i,, by comparing lengths as above.
The simplest special case (the two molecules
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have the same length) is /=1/1, II=x,x,y, R,
= x, and R, = x,. If the two components are the
same, x; = x, = x and IT = x2y, this case becomes
essentially the two-stranded aligned model already
treated in ref. 4 (and in section 6).

The separate terms in T are proportional to
state probabilities (eq. 10). Hence, the three terms
in eq. 11 are proportional to the probability of
equal strands (vernier), strand 2 is longer, or strand
1 is longer, respectively. The separate terms in R,
and R, have a similar probability interpretation.
Because 1 — II appears in all three terms in eq. 11,
the probability that the polymer has n complete
vernier packages (irrespective of additional mole-
cules) is I1*(1 — IT), as in eq. 7. The mean value of
n, i, is I1/(1 — IT).

If the common factor 1/(1 —II) is removed
from the three terms in eq. 11, the remaining
partition function is the same (for this model) as
the ‘roughness’ partition function 7, introduced
in section 6.

In any given case, the values of xMx}2y¥ in
eq. 10 are easily calculated and presented in an
N,, N, table, as illustrated in table 1. The prob-
ability of any vernier structure N; = ni;, N, =ni,
relative to its four immediate neighbors in the
table is easily seen to be

PN,NZ/PN1+1,N2 =1/x,, PNINZ/PM—LN2 =X1Yo»
PNINZ/PNDN2+1 =1/x,, PN]NZ/PN“NZ—I =X ¥-
(15)

In cases of interest for the vernier problem all of
these quantities are greater than unity 1. That is,

Table 1
Values of x{"x2yN = TPy, . for a case * with /=3/2
NN

0 1 2 3 4
0 1.0000 0.0316 0.0010
1 0.1000 0.3162 0.0100 0.0003
2 0.0100 0.3162 0.1000 0.0032 0.0001
3 0.0010 0.0316 1.0000 0.0316 0.0010
4 0.0001 0.0032 0.1000 0.3162 0.0100
5 0.0003 0.0100 0.3162 0.1000
6 0.0010 0.0316 1.0000

* y=1000, x, = Y(;l/zs Xy = )’_1/27 I1=1.

any vernier structure is represented by a local
peak in the probability table. The peak is symmet-
rical in both directions (1/x, =x,y, and 1/x, =
x,y) for the particular values x, =y;'/? and x,
=y~ /2, For this choice of x, and x,, IT=1, The
example in table 1 is of this type: /=3/2, y=
1000, y,=100, x, =01 and x,=0.03162. Be-
cause IT =1, table 1 continues indefinitely with a
repeating pattern (T diverges but the relative
probabilities are significant). The vernier values
(IT" = 1) are underlined. If x; and x, are chosen
so that II <1, the table converges (the vernier
values are I1” <1). The highest peaks in table 1
are at the vernier values but there are smaller
peaks at: N,=1, Ny=1or2; N,=3, Ny=4 or
5; etc. This occurs for any choice of /: the state
probability is relatively high if the two strands
have almost equal lengths, though not exactly
equal lengths. Because of this feature, simple
vernier structures do not have the dominant
uniqueness required to produce the kind of vernier
effect mentioned in section 1 [1]; there is signifi-
cant competition from near-vernier structures.

2.2. Rate constants and kinetics

We take the on and off first-order rate con-
stants for a single strand (as in egs. 1-7) to be
a,¢; and B, respectively, for component 1 and
a,c, and B, for component 2. Using a;c; and B8,
in the kinetic diagram for N, =0,1,2, ..., at
equilibrium (detailed balance), it is easy to see
that P, ~ (ayc,/8,)". Comparison with eq. 7
shows that x, = ac, /B, and x, = a,c,/B;.

In the dual polymer, the attractive interactions
between the strands must influence the on and off
rate constants. We shall assume throughout the
paper that the full effect of these interactions
appears in the off rate constants (e.g., the on rate
constants are diffusion controlled).

Let Nw be the lateral interaction free energy,
as already defined, in an arbitrary state N,, N,. If
N,{>= N,, then N = N,/I; otherwise N=N,. If a
type 1 molecule is lost from the N,, N, polymer,
the value of N becomes, say, N, If now N,/>»
N, =1, then N =(N, - 1)/} otherwise N =
N,. If a type 2 molecule is lost, the value of N
becomes N®. If (N, — 1)/ > Ny, then NP =N, /I
otherwise N@ =N, — 1. The two off rate con-
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stants are then

B; =B y"" " and B;=B,y" "N (16)

The above algorithm takes care of all possible
cases except 8, =0if N;=0and 8,=0if N,=0.
The most common special cases are ) =S, if
strand 1 is initially longer by at least one type 1
molecule, 85 =B, if strand 2 is initially longer by
at least one type 2 molecule, B{ = 8,/y, if strand
2 is initially equal in length or longer, and 8] =
B,/y if strand 1 is initially equal in length or
longer. These latter two rate constants are much
reduced (y > 1) because the departing subunit
must pull away from the adjacent attracting strand.
There are also various ‘fractional’ cases (depend-
ing on /) in which only part of a molecular
interaction is lost in the off transition.

In principle, one could now proceed to fill in all
the rate constants in a two-dimensional kinetic
diagram with states N,, N, (as in table 1). If the
kinetic system were allowed to come to equi-
librium (IT < 1), the equilibrium distribution
among states would be the same as in eq. 10
(using x, = ay¢; /B and x, = a,c,/B,). However,
to study transients and cases in which the polymer
grows (II > 1), it is necessary to use Monte Carlo
calculations.

There are four principle steady regimes: (i)
IT <1 and equilibrium; (ii) II > 1 with strand 1
always longer and growing faster than strand 2;
(iii) II > 1 with strand 2 always longer and grow-
ing faster than strand 1; and (iv) II > 1 with the
two strands growing together, i.e, maintaining
equal lengths except for fluctuations. Regime (i)
has been discussed already.

In regime (ii), the net mean subunit fluxes in
the two strands are

Jy =a;e, — By and J, = aye; — (By/y). (17)

The condition for strand 1 to be growing is o;c; >
B, or x, > 1. For strand 1 to be growing faster (so
that strand 2 does not catch up), the condition is
J; > lJ,. This is equivalent to z, > 1, where

z, = [age, + (IBo/y)] /(laze, + By). (18)

The term in 1/y is usually very small because
y>1.

In regime (iit),

Jy=a0— (Bl//yO) and J, =ayc; — B;. (19)

The condition for strand 2 to be growing is a,c¢, >
B, or x,> 1, For strand 2 to be growing faster,
iJ, > J,. This is equivalent to z, > 1, where

2, = [lage, + (B1/w0)] /(eqer + 1By). (20)
For the strands to grow together, regime (iv),
we need IT>1 and also z; <1 and z, <1. The
latter two conditions insure that whenever one
strand becomes longer through a fluctuation, the
other strand will, on average, grow faster and
catch up. The actual rate of dual growth is not
easy to express analytically except in the simple
case { = 1/1 (see section 3). If successive pairs of
N,, N, values are followed (i.e., one transition at a
time) in the course of a Monte Carlo simulation in
a typical case of this kind (e.g., {=8/3, y = 1),
starting at N; =0, N, =0, the dual polymer is
seen to increase in size stochastically but with
significant pauses in the neighborhood of each
vernier structure, niy, ni,(n=1,2, ...), where
there is extra stability. Thus, the mean rate of
growth of the dual polymer is determined essen-
tially by the mean first passage times from one
vernier structure n to the next (n+1 or n—1).

A number of examples of the above four re-
gimes have been followed by Monte Carlo simula-
tion, especially for the case /=8/3 and with y =
103-10°. Both in regime (i) transients with IT <1
and in regime (iv) with IT> 1, vernier structures
(n=1, 2, ...) do indeed exhibit the extra stability
expected, but the additional lifetime spent by the
kinetic system at and near the vernier structures
(n=1 is the most important structure for the
vernier effect mentioned in section 1) does not
appear to be sufficient for a particular such struc-
ture (e.g., n=1) to have a good chance to be
incorporated into some superstructure that would
freeze the vernier structure permanently. Some
additional source of stability of vernier structures
seems to be needed. One possibility would be to
have as a third component present in solution a
ligand that binds very tightly to the end of both
strands if both strands have exactly the same
length. The bound ligand could then serve as a
cap that prevents subunits of either type (1 or 2)
from leaving or adding to the polymer. Because, in
the growth process starting from N, =0, N, =0,
the vernier structure n = 1 is encountered first, the
cap would tend to stabilize this particular struc-
ture.

Three other mechanisms for stabilizing vernier
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structures, without using a third component, are
discussed in section 4.

3. Simple dual aggregation with I=1/1 and I=
2/1

The principal topic here is the intrinsically im-
portant case /=1/1 (the two components have
the same length). The case /=2/1 will be men-
tioned briefly at the end of the section.

It has been pointed out already that in eq. 11,
in the case /=1/1, we have R1 =Xx,, R,=x;,and
IT = x,x, y. The aggregation is cooperative. Dual
bulk polymer will form if IT=x;x,y> 1, even
though x, <1 and x, <1.

In this case (/=1/1) it is relatively simple to
construct the two-dimensional kinetic diagram for
the states N, N,. From this one can write the
master equations in d Py, ,, /d¢ (for N, > N,, N, >
N, and N, =N,) and then find the intuitively
obvious subunit flux equations,

Jl=d1V1/dt=a1L‘1— _(:Bl/y)PN2>N1

(ﬁz/y)PleNz,

(21)
where Py, .y, is the sum of Py over all N, and
over all N < N, etc. These equanons apply even
in transients.

For steady dual growth of type (iv), discussed
in section 2, it is of interest to find the P factors
in eq. 21 in order to deduce explicit expressions
for J, and J. This is easy to do using a one-di-
mensional kinetic diagram for the ‘quantity m = N,
— N,. This is shown in fig. 2. Although the poly-
mer is growing, fig. 2 has a stationary solution for
the probabilities p,. That is, the tip of the grow-
ing polymer has a steady-state distribution of states

BIPN2<N1

$d172/dt=azcz"ﬂzPN,<N2_

m [4]. The probabilities p, are found from the
‘detailed balance’ between neighboring pairs of
states in the linear diagram [5]:

_(=z)(1=z)zp
" 1-2z2,

_(=2)0=-2z)s

1—-2z2,

’

(mz=0) (22)

—m

where z; and z, are given by egs. 18 and 20 with
/=1 and y,=y. We then find, for use in eq. 21,

P - (1 —z,) _ 7,(1-z)
Ma<Mi 1 —zyz, > MM 12,

23
P _1-z 1-z,
MaEMT gz, MPN, T 1-z,z,"

Eqgs. 22 and 23 are valid provided that z; <1 and
z, < 1. Egs. 21 become, then,

J o= — Bz (1~-z,) _ Bi(1-2)

v 1-22 y(1=22,) (24)
24

T = docn — Byz,(1-2) _ B,(1—2z,)

g a2 1~2zz, )’(1—2122).

The two strands in egs. 24 (II> 1, z; <1, z, <
1) are in fact growing together. Hence, we should
expect J, =.J,. Substitution of eqs. 18 and 20
(with /=1 and y, = y) confirms this, after consid-
erable algebra. In fact both fluxes simplify to the
symmetrical expression

(B + B ) ancrape,5 = BiB,)
ylae By +aye8,) + 8,8 (1+y)
(25)
Note that the numerator is proportional to Il — 1,
ie., to e**T ~ 1, where X is the thermodynamic

force driving aggregation of component 1, 2 pairs
(see the discussion of eq. 12).

Ji=d=

asCa + B azCa + i @y + P azcz+ b1
y Y
m—Nz-N1= -2 P -1 -— 0 - — +1 S S— +2
a6+ B2 a1Cy + fi2. Gy + B2 a1Cy + B2
Yy y
P-2 P-1 Po P P2

Fig. 2. State diagram, with rate constants, for m = N, — N, in the case of an / =1 /1 dual polymer, both of whose strands are growing

steadily and together.
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3.1. Dual aggregation in the case [=2 /1

This is the next simplest case, in which type 1
subunits are exactly half as long as type 2 sub-
units. Even for this case there seem to be only a
few simple analytical results.

In the equilibrium regime, IT=x%x,y <1, R,
in eq. 11 is x, +x,(x;),) and R, is x;, with
¥o =% Egs. 17-20, with /=2, apply in regimes
(i) and (iii). In regime (iv), the two strands grow
together, with IT> 1, z; <1 and z, < 1. The one-
dimensional kinetic diagram in M =2N,— N, is
shown in fig. 3. The rate constants on the right
and left of the figure persist at higher values of

| M |; rate constants change only in the center of
the diagram (M = —1,0, +1). Fig. 3 is the ana-
logue of fig. 2 for /=1/1. The two strands have
the same length at M = 0. There is a steady-state
distribution of probability ( p,,) among the states
of fig. 3 even though the polymer is growing
steadily. This distribution could be found numeri-
cally, by iteration, in any particular case, but a
simple analytical solution probably does not exist.

The asymptotic form of p, at large M is
par~ 53, where s, <1 for convergence. To find s,
we equate the steady flow into an arbitrary state
M with the steady flow out of this state:

v2+(ﬁl/y())s;{”_1+alclsz +,B 5M+2
= [Bz +aye; + (Bi/y) + “202] 3. (26)

Division by s~ gives a quartic in s,. One root

of this is s, = 1. Factoring s, — 1 out, a cubic in s,

remains:

.st; + (.32 + “161)53
_[a2C2+(31/}’0)]52_‘12C2=0- (27)

M
0yC5 8,

QaC2 ’ A202 @aly
-1 +1

T Bl fiz/Vo

mﬂxWﬁ%m

a6 @G

- -— "
B2ty B2

Fig. 3. State diagram, as in fig. 2, but for M = 2N, — N, in the
case /=2/1.

This determines s, as a function of rate constants
and y,. One root of the cubic is positive. This root
approaches unity, s, — 1, when z, = 1, i.e., when
(eq. 20)

2a,0, + (B1/¥0) = e + 28,

In the special case a;c;,=0 and B,=0, s,=
(e5¢5/8,)"7%. In the special case a,c, =0 and
By =0, 5, =By/1¢1 .

There is a different asymptotic solution at large
negative M: p,, ~ s7 ™. The same kind of proce-
dure leads to the cubic equation in s,

ayc, 57 + (aye, + By) st
_[“151"‘(32/}’)]S1"(Bz/y)=O- (28)

The positive root s, = 1 when z, =1 (eq. 18). In
the special case ayc; =0 and B, =0, s =
(B,/a,c, )% In the special case a,c, =0 and
B, =0, sy =ec, /By

One can verify numerically that these asymp-
totic solutions at large | M| do not persist to the
center of the diagram (fig. 3).

The formal equations for the subunit fluxes, the
analogues of egs. 21, are (from fig. 3)

Jx=a1C1_ﬁ1PM<o‘“(.B1/J’0)PM>0 (29)
L=ayc,— BaPyysy— (B2/y0)PM-1
—(ﬂz/J’)Pugo-

In steady growth, J, =2J,. However, the P terms
in egs. 29 are not available without a solution for
all the p,,.

4. Dual aggregation with vernier enhancement

At the end of section 2 it was mentioned that,
in simple dual aggregation, vernier structures are
indeed favored as expected, but not in a very
dominating way. A ligand that binds strongly to
the tip of both strands of vernier structures only,
essentially capping such a structure, could en-
hance the vernier effect considerably. In this sec-
tion we discuss three other models for vernier
enhancement that do not involve a third compo-
nent (the ligand, above). The first of these models
is actually unsatisfactory but is included for com-
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parison. The other two models are rather similar.
Kinetics and numerical results are discussed only
for the third model.

4.1. Partition functions for an open system

The first model is shown schematically in fig.
4A, for the case /=3/2. Both components have
terminal appendages that interact with each other,
with free energy W <0, at each of the n vernier
points in the dual polymer. This special interac-
tion supplements the lateral interaction between
strands, Nw, already introduced in section 2. We
define Y = e~ "/*T. Because each vernier package
in the polymer (whether there are additional sub-
units or not) is further stabilized by a factor
Y>1, eq. 11 for T is modified by replacing I

£=3/2
{A) — T y) o ,:‘=: net
2 : 2=
{

* ﬁa Ny=3

(B, XXX A Ny=2
- ——
2
N T W Monomers
% —Je 2 J B
Peorieres 2|
: ke f «
:u:x:x:u o — 2
S I R e
o
OF:
J B
- —
X > 4 K1l
2 ] — 1A

Fig. 4. (A) Model (the case {=3/2 is shown) in which each
vernier package has extra stability because of the interaction
(W) between the aligned tips of the two components. (B) In
this model the tips of the two components are flexible and can
form (state B) a reversible bond, but only at the very end of the
polymer (in a veraier structure). (C) A similar model in which
component 2 {only) undergoes a conformational change (A =2
B) such that state B interacts strongly with the end of strand 1
In a vermer structure,

everywhere by ITY. The polymer becomes very
large when I1Y — 1: the cooperativity between the
two strands is stronger because of Y; the mono-
mer concentrations needed for ‘condensation’ of
bulk polymer are smaller. The equilibrium prob-
ability Py n of a state N, N,, when IIY <1, is
xPxfyVNyYn .,

Although vernier packages i,, i, receive extra
stability in this model, this extra stability persists
when additional subunits are added (e.g., the
structure in fig. 4A is stabilized by a factor Y).
That is, an exact vernier structure is enhanced by
a factor Y relative to slightly smaller structures
but not relative to slightly longer structures.

In the second model (fig. 4B) the distal tips of
both components are assumed to have some flexi-
bility, allowing a reversible bond to be formed
(state B) between the two terminal subunits of a
vernier structure. The bond is broken in state A.
The equilibrium constant for A2 B is K> 1.
Because of the distortion at the subunit tips in the
state B, further subunits cannot add to this state.
The polymer can grow beyond a vernier structure
only from state A. This model stabilizes only the
final vernier package of a vernier structure. The
A $ B equilibrium is possible only in vernier
structures. In effect, in this model, there is a
reversible internal cap.

The contribution to 1" of the vernier structure
N, =nij, N,=ni, (with n> 1)is I1""' . II(1 + K)
or II"(1 + K'). The factor 1 + K arises from the
A 2 B equilibrium [5). Hence eq. 11 becomes

_ Q1+K)1 Ry (x13)
TTURTT Y a—aa-m
Ry(x25)

e G0
The individual state probabilities are as in eq. 10
except that each vernier structure (n>'1) has an
extra factor 1 + K. Thus, if KX is large, the vernier
structures can be very dominant in a probability
table such as table 1.

The third model is similar. Type 1 molecules
have no special properties but the distal end of a
type 2 molecule can undergo a conformational
change (A2 B in fig. 4C), the main feature of
which is that state B, in a vernier structure, inter-
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acts strongly (free energy W < 0) with the tip of
strand 1. This stabilizes the vernier structure and
forms a reversible internal cap (as in the second
model).

Monomers of component 2 are in an A2 B
equilibrium. The concentrations are ¢,, and c,p =
Kc,,, where K is an equilibrium constant of order
unity. The total concentration is ¢, = ¢, + €55.

Strand 2, by itself (i.e., ¢; = 0), has the follow-
ing properties. A new monomer (A or B) can add
only to a terminal subunit of the polymer that is
in state A. Also, only the terminal subunit can
undergo the A 2 B transitions (again with equi-
librium constant K). Hence all internal subunits
in strand 2 are in state A. Corresponding to eq. 5
(cf. also eq. 30), the open partition function for
strand 2 alone is then

o«

T=1+ ) x¥'-x,(1+K)
=1
(1+K)x, 1+Kx,

=1+ Tox, = 1-x, (31)

where x, relates to ¢y, (1.€, X;=c34/¢54) be-
cause the bulk polymer, when x, — 1, is virtually
all A.

When both strands are present, the A 2 B tran-
sition at the tip of strand 2 is possible only if
strand 2 is at least as long as strand 1 (so that
there is room for the structural change). If the
strands have the same length (vernier structure),
the A £ B equilibrium constant is KY, where Y =
e~ ¥/¥T :» 1. A vernier structure in state B cannot
add a subunit of any type (1, 2A, 2B). A monomer
of type 1 cannot add to the polymer if strand 2 is
in state B and strand 2 is not longer than strand 1
by at least /, (otherwise there would be inter-
ference with the strand 2 tip). Similarly, a type 2
monomer in state B cannot’ add to the polymer
unless the addition will make strand 2 at least as
long as strand 1.

With this model, eq. 11 is modified to

(1+KY)H (1+K)R1(x1}’o)
T=1+""m Y a-ya-m
Rz(xz)’)
T x)-1)° 2)

Table 2

Values of TP, , for a vernier enhanced case * with /=8/3

NN,
0 1 2 3 4 5
0 1000 0304 0046 0007 0.001
1 0152 0616 0094 0014  0.002
2 0023 1249 0190 0029 0004 0.001
30004 053¢ 038 0058 0009 0.001
4 0001 0081 0780 0119 0018 0003
5 0012 1580 0240 0037 0.006
6 0.002 0285 0487 0074 0011
7 0043 0987 0.145 0023
8 0007 101000 0304 0046
9 0001 0152 0616 0094
10 0023 1249 0190

2 ) =1000, Y=100, K =1, x; = x, = 0.15199, [T=1.

The values of K and ¥ have no effect on the
condensation point IT=1. Corresponding to eq.
32, the state probabilities in eq. 10 are multiplied
by 1+ KY for vernier structures (n 1) and by
1 + K whenever strand 2 is longer than strand 1.
Because K is of order unity and Y > 1, vernier
structures have unusually high probabilities.

We consider, as a numerical example, a case
with /=8/3 (as in ref. 1). We take as reasonable
parameters y = 1000 (hence y, = 13.34), ¥ =100,
K =1, and x; = x,=0.15199. These values of x,
and x, were chosen to give IT=x8x3y3 =1. val-
ues of TPy y, are given in table 2 for small values
of N, and N,. However, because IT =1, the family
of numbers between N;, N, =0,0 and 8,3 repeats
itself between 8,3 and 16,6, between 16,6 and 24,9,
etc. The vernier value of TPy . is always 101.0
(n = 1). Without this model’s vernier enhancement
{(put K =0), all values in table 2 above the dashed
lines (strand 2 is longer) would be divided by 2
and 101.0 would become 1.0. It is apparent that
vernier enhancement can produce the desired
qualitative effect.

4.2. Rate constants and kinetics
The rate constants a;, and 8, are the same as in

section 2. For component 2, we assume that «,
and 8, apply to both A and B conformations (but
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in general ¢,, and c,p are different: ¢, = K¢, ).
We then have x, = a,¢,, /8,. The new interaction
parameter Y affects both 8] and B; in eq. 16 (we
assume Y has no effect on «; and «,). Because ¥
applies to vernier structures only,

B1=B1/yY and B;=B,/yY. (33)

That is, the off rate constants are further reduced
by the necessity to break the W ‘bond’. For other
than vernier structures, 8; and B; are unchanged
(eq. 16).

When strand 2 is longer, the rate constant for
A—Bis k; and for B— A is k,. Hence K=
k,/k,. When the strands have the same length, we

Table 3

Mean first passage times for the table 2 case

1 @ ®» @ )

Parameter I Mean Mean Escape Time

change no. time  lhigh ratio

transi-
tions

0,0 —-383 1 574 439  0.574 4.3

Qut of 8,3 496 1901

c; X0.8 0.168 1001 798  0.408 2.5
520 1997

¢ X1.2 430 293 216  0.760 8.3
465 1796

c; X2.0 256 113 78 0.977 11.4
225 891

¢4 X0.5 0.125 993 989  0.268 2.3
557 2270

Cya X2.0 8 317 181 0.852 6.0
327 1089

K=2 1 553 332 0.581 7.4
636 2450

ky =05 1 384 395 0.545 53
303 2091

Y =200 1 489 374 057 11.1
718 4144

y=2000 8 314 239 0.735 9.0
549 2153

K=0 1 265 454 0.578 0.28

71 126

K=0,y=10* 1 370 1175 0.600 0.28

¢ % egn ® 102 325

K=0 1 446 750  0.570 0.21

% e ® 92 161

¢ = cop = 0.081113.
ey = 5 2 =0.2738, c,0 = vy~ V2 = 0.0316.

take
ki=1k,Y'? and kj=k,/Y'?. (34)

This divides the free energy effect (W) equally in
the two directions. We need not be concerned with
A 2 B monomer kinetics; we assume a large equi-
librium reservoir of monomers with fixed ¢,,, ¢,p
and c,.

The discussion of the four steady regimes in
section 2 still applies here except that in eqgs.
17-20 c, is replaced by ¢,,. In eq. 19, a,c, must
be divided by 1 + K because strand 2 can receive
a new monomer only when the tip of the strand is
in state A; this alters a,c, t0 a,¢54.

Some kinetic properties of the first vernier
structure in a number of cases related to table 2
(! =8/3) are given in table 3. The first case in
table 3 is a reference case with the same thermo-
dynamic parameters (y, Y, K, x,, x,) as in table
2 and in addition the kinetic parameter choices
a, = a,=1and B, = B, =k, = 1(in arbitrary units
of time and concentration). With these choices of
a; and B, (which are not varied), x;, =c¢, and
X5 =cy5. Thus, in the reference case, ¢; =c,, =
0.15199. The value of k, is not independent:
iy =k,K. Thus, k; =1 in the reference case. Ex-
cept for the last two cases in table 3, where several
parameters are changed, other cases in the table
have only one parameter change from the refer-
ence set. These changes are indicated in column
(1).

For each of the 13 cases in table 3, Monte
Carlo simulations were carried out to determine
the number of transitions of any kind and the
time required (i) for a polymer originally in state
N, =0, N,=0 (i.e, empty aggregation sites) to
reach the first vernier structure N, = 8, N, = 3 and
(ii) for a polymer originally in state N; =8, N, =3
to escape from the neighborhood of this vernier
structure (which has a free energy minimum). Each
of the 26 simulations was repeated between 100
and 200 times, and averages taken.

To be more precise, in process (i) the vernier
structure was considered to have been reached
when the conditions N, > 8 and N, > 3 were first
simultaneously satisfied. In process (ii), escape
from the neighborhood of the vernier structure
was deemed to have occurred when either of the
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conditions N, + N, =5 or N, + N, =17 was satis-
fied (note that the first vernier structure, the start-
ing point, has N; + N, =11 and the second has
N, + N, = 22).

Column (2) in table 3 gives the value of IT for
each case (recall that I1 > 1 would lead to indefi-
nite polymer growth). Columns (3) and (4) give, in
the first line of each case, the mean number of
transitions and the mean time required to reach
state 8,3 from 0,0 (i.e.,, to produce the vernier
structure by aggregation, starting from nothing).
The second line of each case gives the mean
number of transitions and the mean time during
which the first vernier structure survives in its own
neighborhood (in the N;, N, plane) before either
the polymer dissolves (approaches N, = 0, N, = 0)
or approaches the second vernier structure (N, =
16, N, =6). The longer the dual polymer survives
in the neighborhood of state 8,3, the more chance
the vernier structure can be incorporated into
some superstructure that will confer an indefinite
lifetime on the vernier structure. Most of the time
spent ‘in the neighborhood of’ state 8,3 is actually
spent at 8,3 itself: in the reference case, over a
long period of time, the fraction of time spent at
each of the states N,, N, would be proportional to
the numbers in table 2 (at and around state 8,3).
In fact this feature was used in several cases to
check the Monte Carlo computer program.

Column (5) records the fraction of escapes from
state 8,3 that occurred on the high side (N, + N,
= 17 was reached first). This fraction tends to be
high for II>1 and low for II <1, as expected.
Column (6) gives the ratio of the mean survival
time at state 8,3 to the mean formation time of
this state, in each case.

The parameter changes (from the reference set)
in table 3 are not meant to be exhaustive but
rather are designed to show the infiuence of each
parameter. The most favorable case listed (large
survival time, large ratio in the last column) is
Y = 200. This is not surprising because Y is the
principal vernier enhancing parameter.

The last three cases in the table (X = 0) refer to
simple dual polymers without vernier enhance-
ment (as in section 2). State B does not exist. In
the next to last case, we have K =0, y =104, and
¢, =c,, adjusted to give II=1 again. This is a

simple dual polymer but with stronger lateral in-
teractions. In the last case, we return to the refer-
ence value y=1000 but choose ¢, and c,, as
prescribed following eq. 15. These three cases
without vernier enhancement (K = 0) are seen to
be the least satisfactory in the table. Vernier en-
hancement again seems necessary in order to ob-
tain desired properties,

S. A further example of dual aggregation

In this section we obtain the equilibrium open
partition function T' for another kind of dual
aggregation. This model is not concerned with the
vernier effect; it is suggested by virus sclf-assem-
bly.

The model is presented in fig. 5. Fig. 5A shows
a transverse section through the dual polymer and
fig. 5B is a very schematic longitudinal picture.
Molecules of the two components, 1 and 2, have
the same length but in each such unit of length in
the polymer there may be two molecules of com-
ponent 1 that wrap around one molecule of com-
ponent 2 (fig. 5A). This is a lateral version of the
longitudinal /=2/1 case in section 2. The lateral
interaction free energies of types 1-1 and 1-2 are
denoted w and wu, respectively, as shown in the
figure, The longitudinal interaction free energies
are denoted w, and w, (fig. 5B). There are three
strands in the polymer, with numbers of molecules
Ny, N;; and N, (fig. 5B). The strands have no
vacancies. The polymer is nucleated by sites on a
surface.

For definite values of N;;, N;, and N,, the
canonical partition function is (cf. eq. 8)

Q _( -w,/kT)N”+N12
NNy A€

x(qze-wz/kT)NzyzNzM, (35)

where y=e */*T, z=¢ %/kT N is the lesser of
N,, and N,,, and M is the number of 1-2 interac-
tions (M = 5 in fig. 5B). The partition function for
an open system (in contact with monomers at ¢,
and c,) is then

— N +N N
T= Z QN”N12N2}‘1H 12)22

= Xt Max 2z,

- (36)
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(A) 1
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Fig. 5. (A) Transverse section in a simple dual aggregation model in which two components have the same length but each level may
be comprised of two molecules of component 1 and one molecule of component 2. (B) Very schematic longitudinal diagram of the
same model, (C) Possible types of combinations of molecules at any level of the polymer. (D) Possible sequences of combinations,

each of which contributes a term to T

where the sum is over N,;, N, and N, (from 0 to
o), and x; and x, are defined as in section 2.
The probability of particular values of N;;, N,
and N,, in the open system at equilibrium, is
PN,,NUNZ = X{V”+N12x9’2)’2NZM/T' (37)
The easiest way to deduce a closed expression
for T in eq. 36 is to use a modification of the
method introduced for eq. 11. At any level of the
polymer, there are five possible types of combina-
tions of molecules, labelled I-V in fig. 5C. For
example, the successive levels in fig. 5B are I, I,
III, V. In such a sequence, because vacancies are
not allowed, a I can be followed by any one of
I,...,V,all can be followed by a Il or a IV, a III

can be followed by a III, IV, or V,and a IV or V
only by a IV or V, respectively. These possibilities
then allow the eight types of sequences shown in
fig. 5D, where (I) indicates any number of succes-
sive I combinations, including zero, and I1, 111, ...
indicate any number of successive II, III, ... com-
binations, not including zero. Each of these se-
quences contributes terms to 7. That is, T=1T,
+ ... + 7, where

PUPE S SRS W+
1_1_1—1, 2_1_H lw-—xlzyz

T 1 2x,x5z _ 1 2x,
3T1-H 1-xx,2z" "% 1-T 1-x,
T, = 1 X,

T1-0 1-x,°
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1 xiy? 2x
T = . ! . !
6 l_H 1—.x12y2 l—xl (38)
T = 1 2x.x,z X,
T1-no 1—xyx,z 1—x;
T, 1 2x,X,2 X,

- l—H'l—xlxzz- 1—x,’
where IT= x2Zx,y2z? and factors of 2 have been
included where a degeneracy requires it. The
quantity T,/T is the probability of observing a
sequence of type i. A more compact form for T
follows on combining 1,2,4,6 and 3,7 and 5,8:
7 1+ x,
(1 -ID(1 - x{y*)(1 - x,)

N 2x,x,2

1-1ma- xx3z)(1 = x,)

X, (14 x;x,52)

+ .

(1= )1 = x,2,2)(1 — x,)

(39

Condensation of bulk dual polymer occurs when
II = x}x,y%22 - 1. The equations

N,=3In7/9In X,
2N =2N,=x, 9 InT/3 In x,, (40)
N=9m7/3ny>, M= T/ In :

can be used to find the mean values indicated but
we do not pursue this.

In the special case x, =0, we have T=1/(1 —
Xx;),asineq. 5. If x, =0,

T=(1 +x1)/(1—x1)(1—x12y2). (41)
This is the /=1/1 case, with x, = x, = x, already
mentioned following eq. 14, except that here there
are two contacts, w, between the two strands. If
there are no lateral interactions (y =1, z = 1), eq.
39 simplifies to

T=1/(1-x)(1-x,), (42)

as expected (the three strands are independent).

6. Aligned tubular models at equilibrium

In a previous paper [4] we examined the
‘roughness’ at an end of a long tubular aggregate

of s strands where the subunits in the different
strands might be either aligned or staggered rela-
tive to each other. This section is essentially an
appendix that uses the method of the previous
section to extend some of the results given in ref. 4
for aligned tubular models at equilibrium. There is
only one type of subunit; the vernier effect is not
involved.

We consider an aligned tubular aggregate of s
strands, initiated by sites on a surface (as in the
other sections of this paper). The aggregate is at
equilibrium and has a finite size. In ref. 4, the only
equilibrium state considered was at the critical
concentration ¢, of free subunits where bulk poly-
mer is formed. Here we generalize to ¢ < c,.

Fig. 6A and B shows transverse sections for
s=2 and s=3. Note that there are two lateral
interactions, w, in fig. 6A. This is in contrast with
the non-tubular two-stranded model in fig. 6C
(the / =1/1 case of section 2, with x; = x,), which
has only one lateral interaction w. We define, as
usual in this paper, y = e */*" and x =
ge " 7*KTA, where A is proportional to ¢ (egs. 3
and 6).

® @

(==)

(=) (=)= X3
(—)—Xx2 (=) X3
(=)= — X6

(D) (E)

Fig. 6. (A) Cross-section of a tube with two strands. (B)
Cross-section of a tube with three strands. (C) Cross-section of
a non-tubular two-stranded aggregate. (D) Types of configura-
tions in the s =2 (tube) case. (E) Types of configurations in
the s = 3 case.
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We first adapt the method used in fig. 5D to
the s = 2 case (fig. 6A). The open partition func-
tion 7 for this aggregate has two contributions,
shown diagrammatically in fig. 6D:

i 2x

T=i A" a-ma-»)

(43)

where IT= x2p2. The first term represents any

number of complete packages x2y2, from 0 to co,
attached to the surface. The second term includes
this contribution plus at least one additional sub-
unit (1 to o) on one of the two strands. All
possible configurations of the aggregate are in-
cluded in the two terms in 7. Bulk condensation
of the aggregate occurs when II — 1, ie., when
x — 1/y (recall that x is proportional to the sub-
unit concentration ¢). Eq. 43 is valid for I <1 or
x < 1/y. Note that eq. 43 is the same as eq. 41, as
expected.

Let us digress at this point to compare critical
concentrations (proportional to x when II=1),
For a single strand (with no lateral interactions),
T=1/(1 - x) (eq. 5) and condensation occurs as
x — 1. For a two-stranded aggregate with only one
lateral interaction (fig. 6C), II = x?y in eq, 43 and
x = 1/y'/? determines the critical concentration.
That is, the critical concentration is reduced (y >
1) by the lateral interactions, as expected, because
these interactions increase the stability of the con-
densed phase (i.e., they lower its chemical poten-
tial). With two lateral interactions at each level
(fig. 6A), x = 1/y (see above), which gives a still
lower critical concentration (for the same value of
w). In fact, for an aligned tubular aggregate of s
strands (s> 1), II=x’y*—>1, and x—>1/y for
any s. This simple result occurs because there is
one lateral interaction per subunit in a complete
tubular package of any size, s > 1.

We return now to the main argument. One can
factor 1/(1 —II) out of both terms in eq. 43,
leaving

2x 1+x

T021+1—x=1—x’

(44)

which is valid for x < 1/y (see below). The physi-
cal significance of the partition function T is that
it represents the sum over all aggregation states of
the polymer beyond the last complete package

(x2y?). This is, then, a surface roughness partition
function (4]. Incidentally, the fact that 1/(1 — II)
can be factored out of T for all of these models
(i.e., for any s) corresponds to the fact that the
distribution of rough states is the same for any

‘number n of underlying complete packages x*y-.

In the simple s = 2 case, roughness can arise only
from extra subunits on one strand or the other.
The reason y does not appear in eq. 44 is that no
lateral interactions can occur with one strand only.

The polymer becomes infinitely long when x =
1/y = e*/*7, but ¥,, which we have denoted by O
in this limit [4], remains well-behaved (i.e., the
singularity has been removed from 7'). The result
(using x = e*/*T) is the same as eq. 21 of ref. 4.
However, eq. 44 is more general; it applies
whenever x < 1/y.

From eq. 44, the mean number of subunits
beyond the last complete package is

m=3InT,/8In x=2x/(1—x>). (45)

We turn now to s=3 (fig. 6B), an aligned
aggregate of three strands. All possible configura-
tions of such an aggregate are represented by the
four diagrams in fig. 6E. For example, the last
diagram refers to configurations with any number
(0 to o) of complete packages x°y> as a base,
supplemented by at least one level (i.e, 1 to o)
with subunits in two strands (three choices), and
this supplemented by at least one further subunit
on one of these two strands (iwo choices). The

four diagrams in fig. 6E correspond to four terms
m?

1 3x2y
T= +
1=I1 - (1-I)(1-x%)
n 3x
Q1-m1-x)
6x3y

M (-1 -xp)1-x)’ (46)

where II = x*y>. This equation is valid for x < 1/y.
The separate terms are proportional to the prob-
ability of observing configurations of the different
types. The roughness partition function 7, follows
on factoring out 1/(1 — II). After simplification,
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cation, we find

To=(142x+2x%y+x%y) /(1 ~x*)(1 - x).
(47)

This agrees with eq. 24 of ref. 4 in the limit
x=1/y=e"/*T but eq. 47 is more general: it is
valid for x < 1 /).

For any s » 3, T, will be a function of x and y,
as in eq. 47. The derivative d In T,/9 In x then
gives the mean number of subunits in the aggre-
gate beyond the last complete package x°y*. Also,
9 In7,/3 In p gives the mean number of lateral
interactions, w, in this part of the aggregate. If we
subtract the latter {rom the former, we obtain

m=9InT,/dInx-31n7,/0 In p, (48)

where m is one-half the mean number of ‘missing’
interactions in the aggregate. This terminology,
introduced in ref. 4, refers to the fact that in bulk
(i.e., very long) polymer there is one lateral inter-
action per subunit (as in a complete package,
x°y®), but in the rough part of the aggregate,
beyond the last complete package, there are more
subunits than lateral interactions. That is, some
lateral interactions are missing, compared to bulk
polymer; one-half the mean number of these is
given by eq. 48. A special case is eq. 45 for s =2,
where 8 In 7,,/3 In y = 0. The rougher the end of
the apgregate, i.e., the more exposed surface, the
larger the value of m. Thus m is a useful index of
surface roughness [4].
The two derivatives, 1n the s = 3 case, are

dInT,
9 1n x
_ 3x(1 - xzy)(l +x2y) +6x2y(1—x)(1+ x)
(1—x2p)(1 —x)(1+2x + 2x%y + x%y)
(49)

dlnT, _ Ix%y(1 4 x)
3lny (1-x%y)(1+2x+2x%+x%)

(50)

Then

3x(1 - x2p)(1 + x%y) + 3x%y(1 — x)(1 + x)
(1-x3)(1—x)(1+2x+2x% +x%y)
(51)

This agrees with eq. 27 of ref. 4 when x =1/y.

The algebra becomes rather lengthy for the
s = 4 case, so we abbreviate the discussion. There
are now 12 diagrams of the type shown in fig. 6E,
and there are 12 corresponding terms in T. If we
factor 1/(1 —II) out of each term, where II=
x*y?, the 12-term expression for T, can then be
simplified somewhat to give

ﬁi=

[(1—x%)(1+3x+3x%y +3x%2 4+ x%%) +
221 = x)(1+xy +x32+ 3y?) + 3xy(y -

T A ) )

(52)

This equation is valid for x <1/y. This reduces
properly to eq. 32 of ref. 4 if x=1/y and to
1 =x%/(1—x)*if y=1. Thatis, =1/ — x)*
in the latter case (four independent strands).
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